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Random Utility Models with Cardinality Context Effects  

for Online Subscription Service Platforms 

 

Abstract 

A more general family of random utility models is developed to model a cognitive heuristic, known 

as consideration sets. These new models, denoted as Multinomial Logit Cardinality Effect models 

(MNL-CE), define perceived representative utility of items by assigning a penalty as a function of 

assortment cardinality to the representative utility of each item beyond a threshold value (except 

for the no-choice option). This definition of perceived representative utility of an item is context-

dependent and thus a function of assortment attributes (cardinality), in addition to item and user 

attributes. The user’s net benefit is therefore a trade-off between the benefits and the costs of 

considering a certain number of items.  A developed algorithm efficiently solves the subscription 

platform assortment optimization problem with equal profit when user selection is modelled via 

variants of the MNL-CE. The sensitivity of model parameters on the optimal assortment 

cardinality and no-choice probability is analyzed with the MovieLens dataset. 

 

Keywords: Recommender Systems, Consideration Sets, Random Utility Models, Assortment 
Optimization, Subscription Platforms 
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1. INTRODUCTION 

This research focuses on entertainment subscription platforms (e.g., movie, book and music) that 

personalize the service experience through recommender systems.  Engagement in subscription 

services is quantified in terms of users selecting something from the often very large catalog of 

items (Jannach and Adomavicius 2016). Recommender systems offer individual users a 

personalized assortment (i.e., a subset of possible alternatives) based on each user’s previous 

search and selection history, as well as stated or revealed preferences. Personalized 

recommendations improve engagement and profits of online platforms (Jannach and Adomavicius 

2016). For example, Netflix, which has thousands of items for users to choose from, estimates that 

80% of subscriber’s video selections come from their personalized recommendation system 

(Gomez-Uribe and Hunt 2016). Consequently, online service system success depends largely on 

the effective design of their recommender systems (Bobadilla et al. 2013; Schafer, Konstan, and 

Riedl 1999). 

In this paper we model a cognitive heuristic known as consideration sets, which people use to 

make selection decisions due to their limited information processing ability (Tuu and Olsen 2013; 

Manrai and Andrews 1998). As shown in Figure 1, consideration sets are based on the principle 

that decision making consists of a benefit versus cost trade-off.  Due to concave benefits, but 

convex information processing costs, a trade-off exists that is a function of the number of items 

recommended.   

 

Figure 1: The cost-benefit trade-off in consideration sets, in which there are concave benefits, but convex information 

processing costs as a function of the number of items recommended (Adopted from Hauser 2014). 
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Existing discrete choice models do not capture the cost-benefit trade-off shown in Figure 1. 

Instead, as the number of items offered increases, the probability of selection also increases.  

Therefore, we create a new family of random utility models denoted as the Multinomial Logit 

Cardinality Effect models (MNL-CE) that capture the following features: 

1. Under consideration set theory, the user’s maximum net benefit from evaluating a certain 

number of items is a trade-off between the benefits and the costs of considering those items 

(Hauser 2014). Thus, a threshold value for the number of items exists, beyond which the net 

benefits from recommending additional items begin to decrease as shown in Figure 1. We 

utilize this concept as an underlying premise in re-defining ‘representative utility’ (the value a 

user attaches to each item) as perceived representative utility such that a penalty (as a function 

of assortment cardinality) is introduced when the number of items offered increases beyond a 

threshold parameter z.  

2. The information processing ability is further related to the large empirical evidence suggesting 

information overload, the phenomena under which the user is overwhelmed by the amount of 

information provided in the form of number of items and/or item attributes, leading to user 

dissatisfaction and choice deferral (Pilli 2016). Therefore, the magnitude of this effect is 

captured by another parameter ( ).  

User selection is categorized as a two-stage cognitive process (Mehta, Rajiv, and Srinivasan 2003; 

Weber and Johnson 2009; Swait et al. 1984), i.e. in the first stage, users form a subset, and then in 

the second stage, make a selection. Recommender systems can aid selection from a large number 

of choices available by creating a subset, thus reducing the first stage’s cognitive efforts.  The 

MNL-CE models take user, item, and assortment information into account to provide a 

consideration set to the user in the form of a personalized recommendation. This work thus 

considers that the choice-set is the entire catalogue of items and the no-choice alternative always 

exists.  

This work combines theories from consumer choice modelling and consideration sets to develop 

post-filtering models for recommending assortments for online subscription service platforms. Our 

contributions are: 

1. Models incorporate assortment properties: This is the first to develop random utility models 

(RUMs) that capture the effect of assortment cardinality, in addition to item and user attributes, 
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on user selection/rejection probabilities. The models incorporate assortment cardinality-

context effects by utilizing the rational utility maximization theory. Also, the moderating 

influence of whether items appear on separate pages or one long scrolling page are captured in 

two separate models.  

2. Properties of models explored: Properties of the models are proved and compared to existing 

models: 1) No-choice probability is non-monotone for the devised models; 2) Freedom from 

IIA (Independence from Irrelevant Alternatives) is achieved between each item and the no-

choice option for the scrolling view model. The discrete view model exhibits freedom from 

IIA across subsets/pages but not within.  

3. New solution approaches devised: New computationally efficient solution algorithms of  

O(nlogn)) are developed to solve the subscription platform assortment optimization problem 

with equal profit when user selection is modelled via variants of the MNL-CE.  

4. Numerical Study and Deployment: A numerical study involving the MNL-CE models with 

the MovieLens dataset is performed. ANOVA provides insight into the sensitivity of input 

parameters on the number recommended and the no-choice probability. We describe how our 

models could be deployed in practice. 

2. RELATED LITERATURE 

We review literature to illustrate our contribution is at the intersection of the fields of recommender 

systems, RUMs, assortment optimization, and information overload. 

Recommender Systems: Various filtering techniques exist to predict user preferences for items 

(which are called ratings).  Prominent techniques include: content-based filtering (Lops, De 

Gemmis, and Semeraro 2011; Zeng, Xing, and Zhou 2003), collaborative filtering (Linden, Smith, 

and York 2003; Chan and Prakash 2012; Yang et al. 2011) and hybrid filtering (Burke 2002; 

Gediminas Adomavicius and Tuzhilin 2005). With increased use of social media, context-aware 

recommender systems are a new addition to this list (G. Adomavicius and Tuzhilin 2015; Bobadilla 

et al. 2013; Verbert et al. 2012; Panniello, Tuzhilin, and Gorgoglione 2014; Cremonesi et al. 2011). 

Most recommender system algorithms present the Top-k items from a ranked list of predicted 

ratings to users (Sarwar et al. 2000). However, an ambiguity surrounds the value for k when 

making online recommendations. Online subscription environments pose no limit to the amount 

of information (hence the number of items) that can be presented to the users. In this paper, we 

create RUMs that use predicted ratings as inputs to estimate choice probabilities.  Instead of 
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recommending the top-k items, we determine the optimal k by solving an assortment optimization 

problem.  This work thus contributes to the limited, but growing field that use of RUMs in 

recommender systems exists; some significant works are Jiang, Qi, and Sun 2014; Elammari and 

Elfrjany 2012; Chaptini 2005. 

Assortment Optimization: We review assortment optimization work that model user demand 

estimation with RUMs. The seminal work using RUMs for assortment optimization is by Ryzin 

and Mahajan 1999, in which the underlying consumer choice model is the Multinomial Logit 

(MNL). When the choice probability is independent of inventory status, the optimal assortment 

lies in the popular set when all items provide equal profit. Other important literature in this area 

includes: Miller et al. 2010; Z. Li 2007; Rusmevichientong et al. 2014; Feldman and Topaloglu 

2015; Bront, Méndez-Díaz, and Vulcano 2009; Rusmevichientong and Topaloglu 2012; Gallego, 

Ratliff, and Shebalov 2014; Besbes and Sauré 2016; Talluri and Ryzin 2001; Noone 2016; Hübner 

and Kuhn 2012; Wang 2013.These models are different from the models developed in the current 

work because representative utility is not considered to be a function of assortment attributes and 

does not incorporate context-effects. In addition, applying these models in the literature to an 

online setting with equal profit items would result in recommending all items in a platform’s 

catalog to all users.  

Related contributions to assortment optimization are the search based models. A search 

based model, presented in Cachon, Terwiesch, and Xu 2005, captures that the user’s decision to 

search or not to search depends on the type of the assortment offered and search related costs. In 

Gallego, Ratliff, and Shebalov 2014, a generalized attraction model incorporates consumer 

substitution when the most preferred item is not in the offered set.  They develop parameter 

estimation techniques and an optimization framework for revenue management. Both of these 

models have similarity with the MNL-CE models because no-choice probability is impacted by an 

external factor other than item or user attributes, i.e. the option of search. These models are 

different from the MNL-CE family because (1) each item’s representative utility is not considered 

to be a function of any assortment attribute; and (2) using search-based models in assortment 

optimization prioritizes offering more alternatives, as more choices reduces the incentive to search.  

Random Utility Models (RUMs): For a comprehensive review on RUMS, see Train 2009.  

Although the structure of our devised models are similar to existing RUMs, the MNL-CE models 

are markedly different from the scaled MNL (Train 2009;Louviere, Hensher, and Swait 2000) 
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because not every alternative is scaled via the cardinality element. Specifically, the no-choice 

option is considered as an alternative and its utility does not incur the cardinality element. The 

discrete view variant of MNL-CE is similar to the Nested Logit model (NLM) (Train 2009; 

Mushtaque and Pazour 2018) but there are clear differences: (1) The number of items per page are 

an input and not a function of item attributes.  This is in contrast to the nests in NLM, which depend 

on the item attributes, i.e., a degree of correlation between items is established. (2) In the MNL-

CE models, the observable part of utility is re-defined, but the error terms (  are assumed to be 

IID with a gumbel distribution (similar to MNL).  This is different from the error terms in NLM 

that capture correlation between items.        

Locational Choice Models and Other context-dependent Models: Another related literature 

stream is the context-dependent models, which extend RUMs to capture various context effects 

explicitly. Most capture them one at a time (Kivetz, Netzer, and Srinivasan 2004a; Kamakura and 

Srivastava 1984; Kivetz, Netzer, and Srinivasan 2004b; Rieskamp J. 2006). These models, except 

Walker and Ben-Akiva 2002, involve the use of linear loss-aversion model (LAM) and are called 

locational choice models. To capture multiple context effects simultaneously, an extended 

contextual RUM is introduced in Rooderkerk, Van Heerde, and Bijmolt 2011. Context effects are 

accounted for as direct utility gain or loss through new context variables, which are derived within 

the attribute space of the given items.  An item’s context effect depends on the relative distance of 

existing items from these variables. These context variables are substituted in the utility equation 

and utilized as inputs to the Multinomial Probit model. Under this class of models, context-effects 

are captured within the attribute space. Instead, the MNL-CE adds another dimension of 

assortment level properties to the existing user-item attribute space that defines utility.  

Position Bias: The order in which items are presented (position bias) to the user can also play a 

role in determining the magnitude of cardinality effect (Abeliuk et al. 2016; Lerman and Hogg 

2014; Hummel and McAfee 2014). Our work also shares similarities with the model in Abeliuk et 

al. 2016 that includes the context of social influence and position bias (order of item display) in 

the definition of utility. The fundamental difference between this model and ours is that we capture 

the influence of a specific property of the entire offered-set (cardinality) whereas the model in 

Abeliuk et al. 2016 captures social bias (external to the system) and an additional item property 

(its position in the assortment display). Another important difference is that the authors include an 

external capacity constraint restricting the number of items offered. Whereas we focus on finding 
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the optimal number of items to recommend when no external capacity constraint exists (as is the 

case in online subscription services).  

Information Overload: In online environments, determining how many to recommend is related 

to the large empirical evidence suggesting information overload (Aljukhadar and Senecal 2013; 

M. Li et al. 2016; Pilli 2016; Hunter 2005; Holton and Chyi 2012; Edmunds and Morris 2000; 

Louviere et al. 2008; Eppler, Martin J.; Mengis 2004; Jacoby 1977; Jacoby, Speller, and Kohn 

1974; Park and Jang 2013). Multiple recent studies provide empirical evidence of information 

overload and its consequences in online environments (Bollen et al. 2010, Gross 2014; Garaus and 

Wagner 2016; Y. Chen, Shang, and Kao 2009; Sicilia and Ruiz 2010; M. Li et al. 2016; C. Li 

2016; Pilli 2016). Assortment cardinality has been identified in empirical studies as one of the 

underlying cause of information overload effects (Aljukhadar and Senecal 2013; Chen, Shang, and 

Kao 2009). Some of the very early works in psychology literature also identified this effect (G. A. 

Miller 1956). 

3. DISCRETE CHOICE MODELS WITH CARDINALITY EFFECTS: THE MNL-CE 

FAMILY  

We estimate human selection probabilities through the lens of consideration set theory. As stated 

in Train 2009, representative utility can be re-defined to explicitly account for external effects; 

therefore, each of these models redefines the perceived representative utility by capturing the 

trade-off between preference weights of items and assortment cardinality beyond a threshold z.  

The models achieve this by defining overall utility ( ) of item i in terms of ‘perceived 

representative utility’ ( ). A cardinality element, , specifies the ‘cardinality context-

effect’ of assortment S, on item ;  is the cardinality of the recommended assortment , and  is 

an environmental parameter controlling the magnitude of the cardinality effect. As given in Table 

1, .  The negative sign with the cardinality element  represents the notion of 

a user’s reduced perceived representative utility when the item i is offered in a large assortment.  

Threshold parameter  is an input parameter with a finite value greater than zero that designates 

when cardinality context effects start to occur.  An online subscription platform is assumed to have 

a catalog of N items 1,2…  and the user always has the no-choice option denoted by ‘0’. 

The cardinality element is only applied to items in the set , but not to the no-choice option.   
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To capture two different viewing mediums, we create two different random utility models 

with cardinality elements and perceived representative utilities as defined in Table 1. To capture a 

scrolling view, we let subscript 1 denote when the magnitude of the cardinality element  is equal 

for all items. To capture a discrete view, we let subscript 2 denote when the cardinality element is 

defined for a subset of items. Let there exists a set of subsets J, indexed on 1,2, … ,	in which 

each subset  contains an equal number of items. These subsets are disjoint and their union is the 

assortment S; i.e.,  ∪ ∪ … = , and ∩ ∅; ∀  . Therefore, ∑ .	There 

is a given cardinality context effect parameter for every subset; that is, for every  there exists a  

. The values for the cardinality effect increase, i.e., .		We assume when item i is added 

to assortment S, for the  model, items are also assigned to subsets (for example, pages); 

therefore, all items ∈  in the same subset will have the same cardinality element  value. 

An example is an assortment offered via multiple webpages and each page has a different 

cardinality context effects impact (controlled by parameter ). Because  captures 

	values increase for subsequent subsets (i.e., 	 , the discrete-view model could be used 

in a scrolling view to capture position bias increases cognitive efforts based on lower positioned 

items by assuming subsets consist of single items. 

Models Medium Perceived 

representative 

utility of ∈  

Cardinality element (i) 

 Scrolling 	  0 	 	
		 	

	∀ ∈  

 

 Discrete 

View 

	  0
	

	∀ ∈  

 
Where,  

Table 1: Categorization of Models 

Each item ∈  has a utility given by 	(S) =	  + . The observable part of utility  (also 

called representative utility)	is a function of the attributes of the item selected, the attributes of the 

user, and the attributes of the entire assortment S (its cardinality). Mathematically, 	

, where the representative utility of item i is captured via a multi-attribute utility function, 

e.g.,  ∑ .  Here, B denotes the total number of attributes,  is item i’s observed 
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attribute value, and  is the attribute coefficient parameter. The no-choice option has zero 

representative utility because no attributes are explicitly attached to it and the cardinality effect 

does not affect the no-choice option.  The random component  is assumed to be a Gumbel random 

variable and independent across items. The user selects the item with the highest perceived utility. 

Thus, the MNL-CE models are extensions of the well-documented MNL model; for a complete 

description, assumptions, properties and limitations of MNL, see Train 2009; Ryzin and Mahajan 

1999. As shown in Table 1, the perceived representative utility, denoted by  is modified. This 

results in the overall perceived utility of item  to be defined as 	(S) =	  + , which is now 

a function of assortment . The no-choice option has utility zero because there are no attributes 

explicitly attached to it. Thus, for the no-choice option without cardinality effects, =1. An 

assumption throughout the devised models is that items are added to assortments based on a high-

to-low ranking of their preference weights (defined as ). This is equivalent to adding items 

to an assortment based on a high-to-low ranking of their representative utility, and is also 

equivalent to a high-to-low ranking of their perceived representative utilities.  All the proofs follow 

these assumptions.  

The choice probability that the user selects item i under the two MNL-CE models is denoted as 

	∀ ∈ 1,2 		and is defined as: 

						
	

∑ 	
∈

                            ∀	 ∈   ∀	 ⊆                                                     (1a) 

With MNL-CE models, not only is the selection probability of an item a function of assortment S, 

so is the item’s perceived representative utility.  Because the sum of choice probabilities of all 

items along with the no-choice option is equal to 1, the no-choice probability for the MNL-CE is 

defined as: 

																								
∑ ∈

				∀ ⊆                                                            (1b) 

When the cardinality is above the threshold value of z, then the presence of cardinality context-

effect is modeled (see Table 1) and the choice probabilities reflect the trade-off between preference 

weights of added items and the cardinality context-effects. An extreme case is when z=0. This 

models the scenario that cardinality context-effects exist under all assortment cardinalities. When 
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z→ ∞, cardinality context effects are negligible, and the model reduces to the standard MNL. 

When 0 	∞, the cardinality context-effect impacts item utility when assortment cardinality 

reaches z. Assortments with cardinality lower than z will have choice probabilities as per the 

standard MNL.  

3.1 Properties of the MNL-CE family of models 
In this section, the nature of the MNL-CE family’s no-choice curve and independence from 

irrelevant alternatives are analyzed.  

3.1.1 Inflection in the no-choice curve 
Both  and  no-choice curves exhibit a unique inflection point or step, at 

which no-choice begins to increase as more items are added to the assortment.   

Theorem 1: Let assortment 	 	 	 	 	 	   ⊂ 	 ⊂

.		If a user selects under MNL,  or  the following relationship for no-

choice exists: (Proof in Appendix) 

	 	 :	 	  always. 

b) For : 		 	 	  if  the sum of the perceived preference 

weights of all added items is less than the total perceived preference weight of assortment S 

multiplied by a factor 1 . 

c) For : 		 	 	  only if  the sum of the perceived preference 

weights of the added subset(s) is less than the total perceived preference weight of all existing 

subsets in assortment S multiplied by a factor ( 1/ 1   

Proofs for all Theorems are provided in the Appendix.  Theorem 1 proves that under the traditional 

MNL, there is a monotonic decrease in no-choice probability as more items are added to the 

assortment. However, under the MNL-CE models an inflection in no-choice is observed as a 

consequence of the trade-off between the assortment’s attraction level and its cardinality context-

effects. Therefore, the MNL-CE models capture the consideration set cost-benefit trade-off, but 

the traditional MNL model does not.     

3.1.2 Independence from Irrelevant Alternatives 
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One of the drawbacks of MNL is the IIA (Independence from Irrelevant Alternatives) property, in 

which the ratio of choice probabilities of any two items within an offered-set is independent of all 

other items (Train 2009).  Therefore, we explore this property for the variants of MNL-CE. 

Theorem 2: The MNL-CE family is free from IIA for the following ratios: (Proof in Appendix) 

a) Ratio of no-choice probability to choice probability of every item for both  and 

. 

b) : Ratio of choice probabilities of items amongst subsets but not within. 

Because the existing MNL model does not capture the impact of assortment cardinality, if 

cardinality context effects exist, the MNL model’s estimates of item preferences will be higher 

than the MNL-CE’s perceived preference weight estimates. 

4. SUBSCRIPTION SERVICE ASSORTMENT OPTIMIZATION PROBLEM 

An open research question is to find the optimal number of items to recommend for an online 

subscription service. In this section we analyze the properties of optimal assortments that 

maximize expected profits for equal profit margin items when a user selects under the variants of 

MNL-CE. The expected profit 	  for item  offered in assortment  is a function of assortment 

cardinality  and is denoted as: 

																																																						 											∀ ∈ 																																							 2a 	

Where,  is the profit to the subscription service from a given user selecting item i,  is the 

probability of selection of item i  given assortment , and O(.) is the operating costs.   The objective 

is to maximize the expected profit as: 

																																																							 ⊆ ∑ ∈                                                                                 (2b)            

We are specifically interested in the unconstrained assortment optimization problem because no 

explicit limit (shelf space constraint) exists in an online subscription platform. The optimal 

assortment is explored under the MNL-CE family of models when all items in  provide equal 

profit margins. For online movie or music recommendations, engagement drives profits, thus, an 

equal profit margin is a reasonable assumption. Also, the operating costs (such as inventory 

holding costs) are independent of the assortment recommended, resulting in  being a 
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constant. The objective function (equation (2b)) of the subscription services assortment 

optimization problem with these assumptions reduces to:																			 

																																		 ⊆ ∑ ∈                                                                                         (2c) 

For the given environment and for the MNL-CE family of models, objective function (2c) is 

equivalent to minimizing no-choice probability given in (2d).   

                      									 ⊆                                                                                                (2d) 

To determine the optimal assortment that maximizes 2(c), let item  be added to assortment , 

such that  = ∪  and consider the net profit impact of increasing assortment cardinality as: 

																																	 ∑ ∈ ∑ ∈                                               (2e) 

It has been proved (See Cachon, Terwiesch, and Xu 2005 and Kök, Fisher, and Vaidyanathan 

2009) that 	is quasi-convex in  under the MNL model with equal profit margins in the 

interval 0,∞ 		when O(.) is convex, increasing in . This function achieves its maximum at 

the extreme points. Therefore, profit is maximized when no item is added or the item with the 

highest preference weight from the set I is added to the assortment under MNL. As a consequence 

of this result, when the items are arranged in decreasing order of preference weights then under 

MNL with equal profit margins the optimal assortment is always in the popular assortment set 

(Ryzin and Mahajan 1999; Cachon, Terwiesch, and Xu 2005; Kök, Fisher, and Vaidyanathan 

2009). Therefore instead of 2  assortments, only  assortments need to be considered to determine 

an optimal solution under MNL.  

Observation 1: With every item providing equal profit margin and incurring operating costs 

independent of the assortment, if the user selects under MNL, a deeper assortment is always more 

profitable.   

This observation is a direct result of the quasi-convex nature of MNL under equal profit margin 

problem as illustrated in Talluri and Ryzin 2001. From an application side, this observation is why 

MNL is not applicable for use in online recommender systems.  Doing so in equal profit margin 

environments, like subscription services, leads to the recommendation set being the firm’s full 

product catalog, defeating the purpose of a recommender system.  This result is not true when the 

demand models are one of the variants of MNL-CE: 
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Observation 2: With every item providing equal profit margins and incurring operating costs 

independent of the assortment, if the user selects under variants of the MNL-CE, a deeper 

assortment is NOT always more profitable.   

For every variant of MNL-CE the inflection (Theorem 1) for the no-choice curve shows that a 

deeper assortment will not always improve the objective (equation 2(c)). Equation (2(e)) will still 

be quasi convex in under both the models therefore, the optimal assortment will lie in the 

popular set. The optimal assortment is a trade-off between the preference weight of the added item 

and the cardinality context-effect and the assortment problem under the MNL-CE family is thus 

applicable to use as a recommendation system in online subscription services. 

By exploiting the MNL CE ’s and MNL CE ’s  probability of no-choice structure, specifically 

when a local minimum is found it is a global minimum, we develop an algorithm to determine the 

optimal assortment. Let items from the set  be arranged in decreasing order of perceived 

representative utility (or equivalently perceived preference weight) i.e. 1,2,…  will 

have	 	 ⋯ 	 ; 	 … . We use 	to denote the popular assortment set, 

where	 1 , 1,2 	and	so	on	such	that	 1,2, … . Given the threshold , we 

initialize our assortment with the set  i.e. the input set will be the first  items ranked in 

decreasing perceived preference weights.   

Algorithm 1: Optimal assortment under MNL CE  
Input: z, , ,	 	 , , 	 	  
Output: Optimal assortment under MNL CE . 
Rank the set  in decreasing order of perceived representative utility (or preference weight) i.e. 

1,2, …  such that 	 	 ⋯ 	 ;	or equivalently, … .  
Initialize assortment   
Initialize 1 
While (1 ) 

Calculate sum	of	the	preference	weights	of	items	in	asortment	  
If 1   (i.e., add item z+h+1 to assortment, if Theorem 1 is 
violated) 

1 
Else  

Stop and Break Loop; set ∞ 
Loop 
Return Assortment  
STOP 
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For MNL CE , the preference weights of items are replaced by the sum of preference weights of 

subsets. To determine the optimal assortment for MNL CE  that maximizes 2(c), let subset be 

added to assortment , such that  = ∪  and consider the net profit impact of increasing 

assortment cardinality as: 

																																	 ∑ ∈ ∑ ∈                         (3a)                         

We can see that is quasi-convex in under the  model.  This is a 

consequence of Theorem 1.   This function achieves its maximum at the extreme points with equal 

profit margins in the interval 0,∞ 		when O(.) is convex, increasing in . Therefore, 

engagement is maximized when no subset is added or the subset with the highest perceived 

preference weight sum from the set I is added to the assortment. Using this criteria, we find the 

optimal assortment under this model by extending Algorithm 1, replacing individual items by 

subsets.  

Observation 3: Due to the existence of a unique minimum (either a point or a step) in the no-

choice curve for the devised models, finding the optimal solution is equivalent to searching in a 

sorted list until the minimum is found rendering complexity of order O(NlogN). 

5. NUMERICAL STUDY 

Using the MovieLens dataset, we present a numerical study for an online subscription service 

platform. We perform ANOVA to analyze sensitivity of input parameters affecting variability in 

the number recommended and the no-choice probability.  

5.1 The Setting and Assumptions using MovieLens Dataset 

The MovieLens dataset (Harper and Konstan 2016) contains 671 users’ ratings for 9125 movies 

(which is the entire choice set), resulting in 100004 total ratings. Users, selected at random, were 

asked to provide ratings for at least 20 movies. To predict all unknown ratings, we use a user-based 

collaborative filtering approach via the recommenderlab package in R (Hahsler 2011), in which a 

cosine function determines similarity between users and predicts ratings using nearest k. Both the 

utility (in RUM) and ratings (in recommender systems) estimate user’s value for a particular item 

(derived in user-item attribute space). Therefore, we utilize predicted ratings to represent, for each 

user, their item representative utility in all experiments (Chaptini 2005; Jiang, n.d.). This approach 

is similar to the one presented in Jiang, Qi, and Sun 2014, in which  ratings from various platforms 
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are linearly combined to form utilities. In our study for each user, the provided and predicted 

ratings are considered as the ‘representative utility’ of each movie (i.e., values  for every movie 

 in the list for every user). Using these  values we compute ‘perceived representative utility’ 

( ) for each movie  item and user based on the MNL-CE model variants. In all the experiments 

that follow, we use a ranked list of items based on their representative utility (high to low) for each 

user.  We assume that the entire catalogue of movies is the available choice set (which is applicable 

for subscription platforms) and is deterministic (known to the user). We vary input parameters, z 

and , to analyze the impact of input parameters on no choice probabilities and the optimal 

assortment cardinality. 

5.2.1 Optimal assortment cardinality and no-choice probability under MNL-CE Models 

Our aim is to analyze the impact of the two MNL-CE models’ parameters on two response 

variables, which are the optimal number of items to recommend and the associated no-choice 

probability (the objective function value). For each model, the optimal assortment and associated 

no-choice probability for each of the 671 users is determined by applying Algorithm 1. Initially, 

constant parameter inputs of z=0,	 0.01 and j=20 are used. Figures 2a and 2b provide boxplots 

for the distribution of the number of items recommended and the no-choice probability for the two 

models. There is minimal variability in no-choice values under each model and the difference in 

the means between groups is low. As shown in Figure 2a, less than 100 movies are recommended 

out of the 9125 movie catalog, which illustrates the applicability of our developed approach.  The 

mean number of items recommended is slightly higher for the scrolling models than the discrete 

view models. Discrete view models require the inclusion of an entire subset, therefore at the 

inflection point of the no-choice curve an entire subset is removed from the set recommended. 

Additional detailed results for these experiments are provided in Mushtaque, 2017. 
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Response: Number of items 

Figure 2a: Boxplots for both models showing distribution of optimal assortment cardinality for 

671 users. 

Response: No-Choice Probability 

 

Figure 2b: Boxplots for both models showing distribution of optimal no-choice probability for 671 

users. 

5.2.2 Analysis of variance (ANOVA) to Determine Sensitivity of Input Parameters 
Our primary aim of ANOVA is to determine the sensitivity of the input parameters on the optimal 

number of items to recommend and the associated no-choice probability. We use the first 100 users 

in the MovieLens data set.  A full-factorial design varies the following values of input parameters 

in our statistical analysis: the two models; Threshold parameter z (Five levels z=0, 40, 50, 60, 80); 
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Cardinality parameter  (Three levels  = 0.001, 0.01, 0.1).  For comparison purposes, the value 

of  is estimated for  based on calculating the average of all  per page for each item. 

For example, for a total of N items, if j is the number of items per page, then the number of pages 

is p =N/j.  We calculate  as: 
⋯

 . For  the items per page has three levels, 

with  =  1, 10, 20. 

The Null Hypothesis ( ) states that the variability in either of the response variables can be 

explained neither by the variability in one or all of the four factors (Models, , z and j) nor by the 

interaction between them.  In our ANOVA analysis, we consider the four main-effects terms, and 

all interaction effects. The significance level considered is 0.001. Table 2 presents the significant 

terms for the optimal assortment cardinality response.    

 

 

Factors F-Value Pr (>F)
Models 4.779 0.03352
z 0.166 0.95456

  47.653 2.61e-12
j 7.685 0.00123

Table 2: Significant terms for a full factorial ANOVA with optimal assortment cardinality as the 
response variable. 

A statistically significant main-effect exists for all four factors on the response variable of optimal 

assortment cardinality. However, no interaction effect amongst factors exist. The F-value 

(=Variation between sample means / Variation within the samples) is quite high for factor .  This 

indicates that the variation in optimal assortment cardinality between different levels of each  is 

higher than between levels. However, the F-value is low for z.  We further illustrate these results, 

showing the optimal number to recommend for different parameter settings in Figure 3.   
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Figure 3: Variability on number to recommend with changing  z and  values for the two models 

The variability in the number of items to recommend is lower with changes in the z-value (low F-

value) than in changes in the magnitude of the cardinality context effect ( ). The mean number of 

items to recommend decreases as the magnitude of cardinality effect increases ( ). This result is 

consistent for both models. With a higher , the difference in the means between the models 

decreases because the cardinality effect is dominating. At a lower  value, the selection probability 

is higher, resulting in a more rigid assortment of high preference items only. Under the discrete-

view model ( ) the variance in the optimal assortment cardinality is higher than the 

scrolling view because an entire subset is added to the assortment instead of a single item. The 

number recommended for both models will converge to z for high cardinality context effects, and 

the optimal assortment is the same under all environments for a very high cardinality context-

effect. For a given low , if an assortment is presented to the same user via a discrete-view or a 

scrolling view, a smaller assortment is optimal under the former. A larger assortment is 

recommended under the discrete-view (as compared to scrolling view) when cardinality context 

effects are high.  
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Table 3 presents the statistically significant factors for the optimal objective function value (no-

choice probability) response.  Only three factors are statistically significant (j is not). The F-values 

are positive, but not as high as with the number recommended response.  This indicates a lower 

magnitude of variability for each factor. 

Factors F-Value Pr (>F) 
Models 5.077 0.02866 
z 3.478 0.01392 
	  7.813 0.00111 

j 0.760 0.47304 
Table 3: Significant terms for a full factorial ANOVA with optimal no-choice probability as the 
response variable 

In addition, we conduct a one-at-time sensitivity analysis to find the impact of changes to input 

parameters z, , and j on the two response variables (no choice probability values an assortment 

size).  The base case sets z=10, 0.02, and j=20.  We increment each parameter by either a 

10% increase, a 20% increase, a 10% decrease, or a 20% decrease. For the , the 

percentage increase or decrease in  values causes the assortment size to inversely change by a 

comparable percentage (i.e., increase in  means decrease in assortment size). The no-choice 

probability changes by a lower percentage as compared to the change in  value percentage (for 

example a 10% increase in  causes an increase of 4.5% in no-choice probability). Parameter z, 

produces no-effect on assortment size for these incremental changes (under our base case values) 

and very little change in no-choice probability.  For ,  is more sensitive for both 

response variables as compared to z.  Similarly for , the sensitivity of assortment size 

is inversely proportional to the percentage change in parameter . The percentage change in no-

choice probability is almost half of the percentage change in . The incremental increases in z 

produce no-effect on assortment size (and negligible effect on no-choice). The incremental 

decreases in z produces a much greater percentage change in assortment size. The change in 

parameter j produces a smaller change in no-choice probability and a proportional percentage 

change in assortment size.   

 

In conclusion, we reject the null hypothesis because the variability in both the response variables 

is a result of the variability in all factors. While changes to parameters  and z have significant 

effects on the number to recommend and the no-choice probability, these response variables are 

more sensitive to  than to z. Given the independent variable Models is significant for both 
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response variables, separate models should be applied to model the different viewing 

environments. 

6. DEPLOYMENT 

Figure 4 describes an over-arching methodology that could be used for deployment of MNL-CE 

models in practical settings:  

1. Initialization of Observed Data: User engagement is measured when a user selects an item from 

a recommended assortment (Besbes, Gur, and Zeevi 2014). This recommendation-selection event 

can be observed and recorded. Therefore, as initialization, random assortment sizes with random 

or common items can be recommended to users, and then their choice behavior (which represents 

clicking and watching something or leaving the screen without watching) can be recorded as 

selected or not selected. This initial data can be collected into an observed event dataset for a given 

user (or a cluster of similar users) such that different assortments (with different cardinalities) are 

shown to the users and their selected/not selected data is observed. These choice events are then 

used to calculate the observed no-choice probability values (again specific to a given user (or 

cluster of similar users) and for different assortment cardinalities). Another option is to rely on the 

cold start problem literature, (Schein et al. 2002; Lika, Kolomvatsos, and Hadjiefthymiades 2014; 

Guo et al. 2014) which includes, for example, asking users to provide some initial preferences and 

then using observed data from similar users as initialization estimates of their no choice 

probability.    

2. Parameter Estimation: This step involves the use of parameter estimation techniques, such as 

Maximum Likelihood Estimation (MLE) or supervised machine learning (ML) approaches, that 

use either the observed choice event data or the no-choice probability values to set parameter 

values that minimize an error measure (such as a loss function).  The MNL-CE family’s input 

parameters z and , along with utility function weights (i.e., attribute coefficients ) can be 

estimated from given choice observation data using methods such as MLE (Maximum Likelihood 

Estimation (Train 2009)), gradient descent (Koren, Bell, and Volinsky 2009; Gemulla et al. 2011) 

or other machine learning techniques (Bajari et al. 2015). 
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3. Get the estimated parameter values: The corresponding parameter estimate values found in Step 

2 to minimize an error measure between observed data and our models predicted values are 

recorded. 

4. Assortment Optimization: The estimated values of all parameters (found in Step 3) are used as 

inputs to Algorithm 1 to solve for an optimal assortment. This optimal assortment is then offered 

to the user and their choice/no-choice event is observed.  

5.Update the observed dataset: The choice observation from Step 4 adds to the initial observed 

dataset.  Go to Step 2 (parameter estimation). With each added choice observation we gain more 

data, which should improve our parameter estimates.  

 

Figure 4: Deploying MNL-CE 

7. CONCLUSION AND FUTURE RESEARCH 

The focus of this research is to develop post-filtering models for online subscription service 

recommendations when cardinality context effects exist. The MNL-CE family of models serves as 

descriptive tools for capturing consideration set theory and can support assortment 

recommendation decisions in which assortment size is important. Properties of these models 

establish their difference from the existing MNL model. In particular, both MNL-CE models 

incorporate the assortment property of cardinality when defining representative utility of items, 

while MNL does not. This implies a direct impact on choice/no-choice probabilities associated 

with all items offered to users in a recommended assortment. Two viewing mediums are captured; 

a discrete model captures items shown in subsets, like on separate webpages, while a scrolling 



  23

view models items displayed continuously, like on a tablet.  Both models are able to capture the 

trade-off of the consideration set heuristic, in which more items recommended is not always better, 

because the no-choice probability does not always decrease with increase in assortment size due 

to increased cognitive information processing effort. The analysis of assortment optimization 

problem under MNL-CE further strengthens this result, i.e. a deeper assortment is not always 

better. Computationally efficient solution approaches for solving assortment optimization under 

the two models are developed. A numerical analysis reveals the sensitivity of the input parameters; 

specifically z is less sensitive than  for both response variables (no-choice probability and number 

of items recommended).  

In summary, this work develops new RUMs, following the methodology as specified in Train 

2009: “Re-specify representative utility so that the source of the correlation (between assortment 

size and item-user attributes in our models) is captured explicitly and thus the remaining errors are 

independent.” Our work is further inspired by the statement in Weber and Johnson, 2009:  

“Historically, judgement and decision making research has taken normative economic and 

statistical models as its starting point and adjusted them, one small step at a time, to keep the 

benefits of those models while giving them greater predictive accuracy.” Inspired by this 

incremental approach we explicitly model assortment cardinality, in addition to item and user 

attributes. Our observations and results are based on the stylized models developed in the paper. 

However, the theoretical basis of these models lie in the cognitive theory of consideration sets that 

characterize human selection process as a trade-off. The analytical results hold for scenarios when 

consumer preferences are a trade-off between item utility and the increased cognitive effort 

associated with a larger assortment.  

In the current work we consider cardinality effects only, further research is needed to capture other 

effects contributing to information overload and choice deferral like experience, taste, and task 

difficulty (Eppler, Martin J.; Mengis 2004). Considering position-effects in MNL-CE models is 

also a promising future research direction. As is exploring parameter estimation techniques for 

given discrete choice experiment datasets. This will however require new discrete choice 

experiments, as estimation requires datasets to capture the outcome of rejection, not just selection 

outcomes, and to provide the choice outcomes when different assortment sizes are offered to users.  
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Another future research direction is to consider using the choice models developed here as inputs 

to assortment optimization with unequal profit-margins. 
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APPENDIX 

Proofs for Theorem 1 

a) Proof for MNL:  Given  ⊂	  	and the preference weight of each item 0 ∀	 	 ∈ 	 , 

then from the definition of MNL (Train 2009),  ∑ 	∈	 	∑ 	∈	 .  By 

definition ∑ 	∈	 1.  Thus,  it implies 	 .                

b) Proof for :Each of the n additional items added to S is denoted by 

M ,M …M ,		such that S  = S ∪ M ∪M ∪ …∪M .	 

By definition, 
∑ ∈

,  

For  	 	  to hold requires 

  ∑ ∈ 	 	∑ ∈ . This is true given  ⊂	  	and the preference 

weight of each item 0 ∀	 	 ∈ 	 .   

We can re-write this condition as , ∑ ∈  ∑ ∈  0.  

Consider only the items that are common to both sets 	 		 ; we can simplify the above 

equation to combine these common items (LHS of the equation below). However, the extra 
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items in  i.e. M ,M …M  will be separated on the RHS as shown: 

∑ 1 1/∈ + +… .   

Let  then 	 .  

By substitution and simplification, 1 1/ ∑ ∈ 	 	 . 	+ 

. +… . .  

This simplifies to 1 ∑ ∈ 		∑ .   

c) Proof for : Let assortment S  have 1 additional subset (with q items in it) than 

assortment S and	S ⊂ 	S ⊂ I.	Each of the subsets in S is denoted by s , s … s ,		such that 

S  = S ∪ s .	Let the perceived preference weight of item 	in subset  be denoted as 

, then the no-choice probability is given by (equation 1(b)): 

∑ ∑ ⋯∑ ∈∈∈
 

If 	 	  

 Implies:∑ 		∑ ⋯∑ 		∈ , ∈ 		∈ , ∈∈ , ∈ 	

	∑ 		∑ ∈ , ∈∈ , ∈

⋯∑ 		∈ , ∈ 	 ∑ 		∈ , ∈ .   

Let  then  	 . 

By combining terms in the set S (with subsets common to both S and  ) we get the LHS 

below. The subsets added to , therefore get separated on the RHS as shown: 

∑ 1 1/∈ , ∈ 	∑ 1 1/∈ , ∈

⋯∑ 1 1/∈ , ∈ ∑ 		∈ , ∈    

 

Proof for Theorem 2 



  31

a) Because the cardinality effect does not affect the no-choice option, from equations (1a) and 

(1b), and Table 1, the ratio of the no-choice probability and choice probability of an item  in 

assortment  for 	is: 

 

Addition or removal of items in assortment S other than  impact the value of assortment 

cardinality  and thus the ratio of no-choice with all other choice probabilities.  A similar analysis 

shows the ratio of no-choice probability to choice probability for every item also holds for 

.  

b) Ratio of choice probabilities of items within a subset( ) such that , ∈ ,	for 	is 

not free from IIA: 

 

However, the ratio for items i and k in two separate subsets ∈  and ∈  in  is 

free from IIA as: 

 

The addition or removal of items in assortment S other than ,  impact the value of assortment 

cardinality  and thus this ratio is free from IIA amongst subsets, but not within. 

 


